Abstract. The deformation of the orthotropic spherical layer under normal pressure applied on the outer and inner surfaces is analyzed. The layer is assumed to be slightly orthotropic, it permits to apply asymptotic methods. The equations of zeroth and first approximations are derived. For the shell, which is much softer in the transverse direction than in the tangential plane, one gets singularly perturbed boundary value problem. Solving this problem in the zeroth approximation the asymptotic formula for the change of the relative layer thickness under normal pressure is obtained. Also the effect of Poisson ratio and the layer thickness on the deformation is studied. For the cases of the thick and thin layers the last formula may be simplified. The asymptotic results well agree with the exact solution. The developed formulas are used in analysis of the scleral shell under intraocular pressure and may also be used in solution of the inverse problem, i.e. in analysis of the stress-strain state of a human eye under injection. The solution of the problem helps to estimate the mechanical parameters of the sclera, i.e. to find the ratio of the tangential and transversal Young moduli using clinical data for the sclera thickness change.
INTRODUCTION
The 3D problem for deformation of orthotropic spherical layer under normal pressure is considered. Such model may be used, for example, to describe the changes of the stress strain state of the external human eye shell under intraocular injections. For isotropic spherical layer this problem, known as Lame problem, is discussed, for example, in [1] . For transverse isotropic spherical layer the analytical solution has been obtained in [2, 3] and asymptotic solution in [4] . The stress-strain state of a two-layered transversely isotropic spherical shell is discussed in [5] .
PROBLEM STATEMENT

Equilibrium equations in displacements
Consider orthotropic spherical layer with the internal radius R 1 , external radius R 2 and thickness h = R 2 − R 1 (see Fig. 1 ). The position of the point of the spherical layer in given by spherical coordinates: ρ -radial coordinate, ϕ -meridional coordinate, θ -circumferential coordinate. Equilibrium equations for the spherical layer have the form [1] ∂σ ρρ ∂ρ
here σ ρρ , σ ϕϕ and σ θθ -normal stress, σ ρϕ , σ ρθ , σ ϕθ -tangential stress, f ρ , f ϕ , f θ -projections of the external forces in corresponding directions. We consider axisymmetric problem without external forces. In this case the displacements do not depend on angle θ, and tangential stresses σ ρθ , σ ϕθ and deformations ε ϕθ , ε ρθ are equal to zero.
Thus, system of equations becomes
The displacements of the spherical layer are given with projections of the displacement vector (w, u, v) in directions ρ, ϕ and θ correspondingly. For axisymmetrilc problem v = 0. The relations for deformations and displacements of the spherical layer are the following [1] 
Substituting (3) and (2) into (1) and taking into account (5)- (7) we get equilibrium equations in displacements as
where expressions for c i and d i are listed in Appendix.
Boundary conditions
We consider the quarter of the spherical layer, i.e. domain 0 ϕ π 2 and R 1 ρ R 2 .
On the boundary ϕ = 0 and ϕ = π 2 we assume
On the boundary ρ = R 1 and ρ = R 2 we suppose that the normal pressure P 1 , P 2 is given
where
Equations (8) and boundary conditions (9)- (10) provide the boundary value problem.
Restrictions on elastic constants
As we mention above the descriptions of the orthotropic material requires 9 independent elastic moduli. However, due to the positive definiteness of the elastic potential its coefficient must satisfy Sylvester criterion, from which the following inequalities may be found [6] 
SLIGHTLY ORTHOTROPIC MATERIAL. PERTURBATION METHOD
Consider that the elastic modulus in the circumferential direction is little different from the modulus in the meridional direction. We assume that the following relations for the material elastic constants are valid
where µ 1. For µ = 0 the material becomes transverse isotropic. In this case the limitations on elastic modulii (11) are
The domain of the material parameters (µ, ν, ν 1 ) is plotted in Fig. 2 Solution of equation (8) we seek in the form
Equation of zeroth approximation for function w 0 (ρ) have been considered in [4] . This is equation for the transversely isotropic layer. We report shortly the results of [4] in next section. 
EQUATION OF ZEROTH APPROXIMATION
For zeroth approximation the equilibrium equations for the normal displacement may be reduced to a single equation in the form
and boundary conditions are
The restrictions on elastic constants becomes
and since for all known materials ν > −1 then 1 − ν 2 < 1. This problem has an exact analytical solution obtained in [2, 3] , but formulas for the displacement w and stress functions are rather complicated. That is why it is more convenient to use an asymptotic approach to analyze the effect of the parameters of the spherical layer on the stress-strain state of the layer.
Asymptotic analysis
For the layer, which is much softer in the transverse direction than in the tangential surface we assume
In the further analysis α = 1. The equation for the normal displacement becomes
where a = 2 1 − ν ; and b = − 2ν * 1 1 − ν , and the boundary conditions are
Here
To solve singularly perturbed equation (14) we follow [7] and seek a solution in the form
After substitution in (14) and equating the coefficients at ε k to zero we obtain a system of equations for the unknowns λ(ρ), w 0 (ρ), w 1 (ρ), . . . 
So, for the first approximation we get
. Constants A and B may be found from the boundary
. The change of the layer thickness is obtained using formula for the normal displacement
Examples and applications
Further simplification of the formula for the change of the layer thickness is based on the assumptions on ratio of the values R 1 and R 2 . For example, for the thick layer R 1 R 2 , then ξ = R 1 /R 2 1 (ξ 1) and G 1 G 2 . In this case the first approximation for ∆h has the form ∆h = − c ε
For the thin layer R 1 ≈ R 2 . In this case ∆h = − c εη
,
Let consider as an example the scleral shell with parameters [8] ν = 0.48, P 1 = p×133.3 Pa, P 2 = 0 Pa, E = 14 MPa, ν * 1 = 0.5, Here p = 20 is the intraocular pressure in mm Hg. The change of the layer thickness as a function of ε is represented in Fig. 3 for thick layer (η = 0.7) (left) and for thin layer (η = 0.04) (right).
The change of the layer thickness as a function of ε and ξ = R 1 /R 2 is represented in Fig. 4 .
EQUATIONS OF FIRST APPROXIMATION
For the first approximation we get equations
where expressions for m i and n i are listed in Appendix and boundary conditions
and σ
So, the boundary value problem for the first approximation consists of equations (21) and boundary conditions (22)-(23). We note, that the change of the shear moduli (G ,G ) do not effect equations and boundary conditions of the first approximation. Figure 5 depicts deformed orthotropic layer for two different ratio of E θ /E ϕ . The layer parameters are taken as follows R 2 = 12 mm, R 1 = 0.9R 2 , E ϕ = E = 14 MPa, E ρ = E 1 = 1.26 MPa, ν = 0.48, ν 1 = 0.03. The inner boundary ρ = R 1 is subjected to normal pressure P 1 = 20 × 133.3 Pa. 
CONCLUSIONS
1. For transversely isotropic material the asymptotic formula describing the change of the layer thickness under normal pressure is obtained. Asymptotic relations show that for deformation of the spherical layer under the inner pressure the relative thickness varies more for the layer with smaller thickness.
2. The change of the scleral thickness under intraocular pressure (IOP) well agree with clinical data on decrease of scleral thickness in primary open-angle glaucoma (POAG) [8] .
POAG is an eye disease, which is generally accompanied by the IOP increase. 
